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Abstract. Using standard methods for studying singularities of 
projections and of contacts, we classify the stable singularities of 
affine A-equidistants of n-dimensional closed submanifolds of M', 
for q < 2n, whenever {2n,q) is a pair of nice dimensions [12] . 



1. Introduction 

When M is a smooth closed curve on the affine plane M^, the set of 
all midpoints of chords connecting pairs of points on M with parallel 
tangent vectors is called the Wigner caustic of M, or the area evolute 
of M, or still, the affine 1/2- equidistant of M, denoted £'i/2(M). 

The 1/2-equidistant is generalized to any A-equidistant, denoted 
E\{M), A G M, by considering all chords connecting pairs of points 
of M with parallel tangent vectors and the set of all points of these 
chords which stand in the A-proportion to their corresponding pair of 
points on M. In this case, when M is a curve on M^, the local classifi- 
cation of stable singularities of E\[M) is well known j2l [^. 

The definition of the affine A-equidistant of M is generalized to the 
cases when M is an n- dimensional closed sub manifold of R'', with q < 
2n, by considering the set of all A-points of chords connecting pairs of 
points on M whose direct sum of tangent spaces do not coincide with 
W^, the so-called weakly parallel pairs on M. 

In addition to curves in M^, the possible stable singularities of Ex{M) 
have been previously studied in the general setting when M is a hyper- 
surface [5], [6] , or when M is a surface in [J| . The cases of curves in 
and surfaces in R^ have also been studied in the particular setting 
of Lagrangian submanifolds of affine symplectic spaces [3] . 

In this paper, we classify the possible stable singularities of Ex{M) in 
a quite more general circumstance, namely, when the double dimension 
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of M, 2n, and the dimension of the ambient affine space, g, form a pair 
of nice dimensions [12], see Theorem 15.21 below. 

In order to obtain such a classification, we start in Section 2 by 
defining an affine A-equidistant of M" C M'' as the set of critical values 
of the A-point map (projection) hx : W x M'^ ^ M'^, {x~^,x~) i-)- Ax"*" + 
(1 — X)x~ restricted to M x M, thus locally a map 

see Definition 12.81 Remark 12.91 and equation (15. 2p . below. Then, we 
also present the characterization of affine equidistants by a contact 
map, extending previous construction for the Wigner caustic ([T^ [7]). 

In Section 3 we review the standard A^-equivalence and the classifi- 
cation of /C-simple singularities [TOl [12] , Theorem 13.91 below. Then, in 
Section 4 we combine the study of singularities of projections and of 
contacts, in view of Theorem 14.61 below ( [T^ [TT]). with emphasis on 
contact reduction to rank map-germs. Proposition 4.14. 

Our main result is obtained in Section 5. First, in Theorem 15.11 
we apply the Multijet Transversality Theorem [8] to a /C invariant 
stratification of the jet space. When {2n, q) is a pair of nice dimensions, 
the relevant strata of this stratification are the /C-simple orbits in jet 
space. Then, we use the results of Section 4 in the context of affine 
equidistants: Proposition 15.31 and Corollary 15.41 as well as equations 
(I5.8I) - (I5.12I) . The following table summarizes our main result. Theorem 
15.51 which is presented more extensively as subsection 15.11 The normal 
forms for the v4-stable singularities of the map ttx follow the notation of 
[To] (see Theorem l3.9l below) for the /C-simple rank-0 contact map-germ 

where k is the degree of parallelism of the pair of points on M joined 
by the chord (see Definition 12. II below) . 



n 


q 


Stable singularities of Ex{M) for M" C M"^ 


1 


2 


Ai,A2 


2 


3 


Ai,A2,A3 


2 


4 


Ai, ...A/^, C2 2 


3 


4 


Ai,...A4,Df 


3 


5 


Au...A5,Df,Df,S5 


3 


6 


Al, ...Aq, 6*2 2, C2,3' ^2,4' ^3,3' ^6 


4 


5 


Au...A5,Df,Df 


4 


7 


Al, ...Al, , ...Dy , Eq,E-j, S's, ^6, Sj,Ti, Ty 


4 


8 


Al, ...jdg, C2 2, •• -(^2,6' ^3,3' •••^3,5' ^4,4' ^'e, Cs,Fj, 


5 


6 


Ai,...Ae,Df,...Df,Ee 
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We note that the case C is absent from the table of results. 
This is because {2n = 8, g = 6) is not a pair of nice dimensions (see 
Theorem 15.21 below). Similarly, (2n, g > 6) is not a pair of nice dimen- 
sions, Vn > 5. Classification of stable singularities of Ex{M), in these 
cases, lies outside the scope of this paper. 

As mentioned before, the cases in the table of results when {n, q) G 
{(1, 2), (2, 3), (3, 4), (4, 5), (5, 6)} correspond to hypersurfaces and have 
been previously studied in [5l [6], while the case (n, g) = (2,4) was 
partially studied in On the other hand, the results for the cases 
when (n, q) G {(3, 5), (3, 6), (4, 7), (4, 8)} are entirely new. 

We emphasize that, in all of the above, we are excluding the cases 
of vanishing chords, that is, when the A-point of the chord connecting 
two points on M touches M because the pair of points on M lies in the 
diagonal of M x M. Such "diagonal singularities" or singularities on 
shell ioT Ex{M) possess additional symmetries when A = 1/2 and these 
have been studied for the cases of curves on the plane and surfaces in 
M^, both in the general setting [7] and in the more particular setting of 
Lagrangian submanifolds of affine symplectic space [4J. In this paper, 
we don't study such singularities on shell for Ex{M). 

2. Affine equidistants 

2.1. Definition of afRne equidistants. Let M be a smooth closed 
n-dimensional submanifold of the affine space R'', with q < 2n. Let a, b 
be points of M and denote by Ta-b : M.'^ 3 x ^ x + {a — b) G the 
translation by the vector {a — b). 

Definition 2.1. A pair of points a, 6 G M (a 7^ 6) is called a weakly 
parallel pair if 

TaM + Ta.tinM)^R'^. 

codim(TaM + Ta-b{TbM)) in T^M^ is called the codimension of a 
weakly parallel pair a,b. We denote it by codim(a,6). 
A weakly parallel pair a, 6 G M is called fc-parallel if 

dim{TaMnTb.a{TbM)) = k. 

If k = n the pair a, 6 G M is called strongly parallel, or just parallel. 
We also refer to k as the degree of parallelism of the pair (a, b) and 
denote it by deg(a,6). The degree of parallelism and the codimension 
of parallelism are related in the following way: 



(2.1) 2ri — deg(a, 6) = g — codim(a, 6). 
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Definition 2.2. A chord passing through a pair a,b, is the line 

l{a, b) = {xe M^|x = Aa + (1 - X)b, A G M}. 

Definition 2.3. For a given A, an affine A-equidistant of M, Ex{M), 
is the set of all a; G M'^ such that x = Aa+(1 — A)6, for all weakly parallel 
pairs a,b & M. E\{M) is also called a (affine) momentary equidis- 
tant of M. Whenever M is understood, we write E\ for Ex{M). 

Note that, for any A, Ex{M) = Ei^x{M) and in particular Eo{M) = 
Ei{M) = M. Thus, the case A = 1/2 is special: 

Definition 2.4. ^i/2(M) is called the Wigner caustic of M [21 [H]. 

2.2. Characterization of affine equidistants by projection. Con- 
sider the product affine space: Mf^ x M'' with coordinates and 
the tangent bundle to M^: TR^ = M*^ x M*^ with coordinate system [x, x) 
and standard projection vr : TW 3 ( 

Definition 2.5. For A G M, a A-chord transformation 

Fa : M'' X M'' ^ TW , x") (x, x) 
is a linear diffeomorphism defined by the X-point equation: 

(2.2) X = Ax+ + (1 - \)x- , 
for the A-point x, and a chord equation: 

(2.3) i; = x^ — x~. 

Remark 2.6. For our purposes, the choice f l2.3p for a chord equation 
is not unique, but is the simplest one. Among other possibilities, the 
choice X = Ax^ — (1 — A)x~ is particularly well suited for the study of 
affine equidistants of Lagrangian submanifolds in symplectic space [3] . 

Now, let M be a smooth closed n-dimensional submanifold of the 
affine space W {2n > q) and consider the product M x M 'xM3. 
Let }A\ denote the image of M x M by a A-chord transformation, 

Mx = Fa(M X M) , 

which is a 2n-dimensional smooth submanifold of TW^. 
Then we have the following general characterization: 

Theorem 2.7 ([3)- The set of critical values of the standard projection 
TT : TW W restricted to Mx is Ex{M). 

Definition 2.8. For A G M, the A-point map is the projection 

tta : X ^ R" , (x+,x") x = Ax+ + (1 - A)x^ . 

Remark 2.9. Because tta = vr o Fa we can rephrase Theorem 12. 7t the 

set of critical values of the projection vta restricted to M x M is Ex{M). 
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2.3. Characterization of afRne equidistants by contact. In the 

hterature, if M C is a smooth curve, the Wigner caustic Ei/2{M) 
has been described in various ways. A particular description says that, 
if 7^a : ^ R2 denotes reflection through a G then a e ^1/2 (M) 
when M and TZa{M) are not transversal [21 [T3]. This description has 
also been used in [13] for the case of Lagrangian surfaces in symplectic 
and, more recently [7], for the case of general surfaces in R'^. 
We now generalize this description for every A-equidistant of sub- 
manifolds of more arbitrary dimensions. 

Definition 2.10. For A G ]R\ {0, 1}, a A-reflection through a G M'? is 
the map 

(2.4) n^-.R" TZl{x) = \a- ^-^x 

A A 

Remark 2.11. A A-reflection through a is not a reflection in the strict 
sense because o ^ irf : M"? ^ instead, 

so that, if a = oa = Aa+ + (1 — A)a~ is the A-point of (a+, a^) G M^^, 
<(a-) = a+, nl-\a+) = a~ . 

1 /2 

Of course, for A = 1/2, TZa = TZa is a reflection in the strict sense. 

Now, let M be a smooth n-dimensional submanifold of M'^, with 
2n > q. Also, let M"*" be a germ of submanifold M around a"*", let M~ 
be a germ of submanifold M around a~ and let a = ax = Aa''" + (1— A)a~ 
be the A-point of (a+, a') e M x M cW x W. 

Then, the following characterization is immediate: 

Proposition 2.12. The X-pomt a G Ex{M) ijf M+ and 7^^(M-) are 
not transversal at iff M~ and TZ\~^{M~^) are not transversal at a~ . 

Remark 2.13. Furthermore, from Remark 12.91 we see that the study 
of the singularities of afline equidistants is the study of the singularities 
of tta- But this is the same as the study of the singularities at a = of 

(a;'*', x~) — )■ x"*" H — x~ = x^ — 1Zq{x~) . 

A 

In order words, the study of the singularities of E\{M) 3 can he 
proceeded via the study of the contact between M+ and 7^q(M~) or, 
equivalently, the contact between 7ll,^^{M^) and M~ . 
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3. /C-EQUIVALENCE 

We recall some basic definitions and results (for details, see 
Henceforth, Eg denotes the local ring of smooth function-germs on 
M*, and tris its maximal ideal. 

Definition 3.1. Map-germs /, / : (M'^, Uq) — )■ (M*, 0) are /C-equivalent 

if there exists a diffeomorphism-germ cj) : (M*,?/o) (M-'^iUo) and a 
map-germ A : {W , yo) GL(R*) such that / = A ■ (/ o 0). 

Theorem 3.2 ([I]). For the K,- equivalence of two map-germs it is nec- 
essary and sufficient that two ideals generated by the components of 
these map-germs may be mapped one to the other by an isomorphism 
of Eg induced by a diffeomorphism-germ of the source space {Ef^yo). 

Definition 3.3. A map-germ F : {W x {yo, zq)) — R* is a defor- 
mation of a map-germ / : (]R'^,?/o) ~^ I^* if -^|ir''x{2o} ~ /> where p is 
the number of parameters of deformation F. 

Definition 3.4. A diffeomorphism-germ $ : (R'^xRp, {yo, zq)) — (R^'x 
MP, {yo, zq)) is called fiber-preserving if $(?/, z) = {Y{y, z), Z{z)) for a 
smooth map-germ y : (M'^xM^', (yoj^o)) ~^ {^^^Vo) and a diffeomorphism- 
germ Z : (R^, ^o) {^^,zq). It means that $ preserves the fibers of 
the projection pr : (R* xW,{yo,Zo))^ {W, zq). 

Definition 3.5. Deforinations F, F : {W x W, {yo, zq)) (R*, 0) of re- 
spective map-germs /, / : (R*, yo) — )■ (R*, 0) are fiber /C-equivalent if 
there is a fiber-preserving diffeomorphism-germ $ : (R'^xR^, {yQ,ZQ)) — )■ 
{W X W, {yo, Zq)), i.e. ^{y,z) = {Y{y, z), Z{z)), and a map-germ 
A : (R* X W, {yo, zo)) GL{R^) such that F = A ■ (F o $). 

Corollary 3.6. For the fiber K,-equivalence of two deformations it is 
necessary and sufficient that the two ideals of £s+p generated by the 
components of these deformations may be mapped one to the other by 
an isomorphism of £s+p induced by a fiber-preserving diffeomorphism- 
germ of the source space (W x BP, {yo, Zo)). 

Definition 3.7. The germ / : (R^ 0) (R*, 0) is said to be /C-simple 

if its fc-jet, for any k, has a neighborhood in the jet space Jg o(I^'^, K*) 
that intersects only a finite number of /C-equivalence classes (bounded 
by a constant independent of k). 

Definition 3.8. The p-parameter suspension of the map-germ / : 
(R'', 0) — > (R*, 0) is the map germ 

F : (R* X W, 0) 3 {y, z) h-> {f{y), z) E (R* x R^ , 0). 
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Theorem 3.9 ([IQ]). fC-simple map-germs iW, 0) — )■ (M*, 0) with s >t 
belong, up to K- equivalence and suspension, to one of the following 
three lists in Tahles\T^ 



Notation 


Normal form 


Restrictions 




+ Qs-i 


/i > 1 




y?y2 ± ^2^^ + Qs-2 


Ai > 4 


Eq 


2/1 + y| + Qs~2 






y't + yivl + Qs^2 




Es 


y? + 2/2 + Qs~2 





Table 1. /C-simple germs W M. Q^.j = ^yfj^i ± • • • ± y^. 



Notation 


Normal form 


Restrictions 


^k,i 




l>k>2 


C2k 


(yf + yhyV 


k>3 


F2m+l 


(y't + ylyf) 


m > 3 


F2m+A 


(y't + yi^yiyf) 


m > 2 


ri*- 
'-^10 


{yt,yV 






{y(±yf,yiy^) 


m > 4 



Table 2. /C-simple germs _^ ]^2_ 



Notation 


Normal form 


Restrictions 




(±yi ± yi + y3~^ 2/2^3 j 


/X > 5 


T-r 


(y^ + y2 + y3>y2y3j 




Tj 


(y? + yi,yi + yi) 




Ts 


(yi +y2 ±2/3'2/2y3j 






(y^ + y2 + 2/3'2/2y3y' 






{yi+y2y3,yiy2 + yi) 




Us 


{y't + y2y3 + yi,yiy2) 






{yt + y2y3,yiy2 + yt) 




Ws 


(y't + yi^yi + ym) 






{y'i + y2yi,y2 + yiyaJ 




Z9 


(y^ + y3,y2 +y3^ 






{yi + y2yi,yi + yt) 





Table 3. /C-simple germs M^. 
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Definition 3.10. A deformation F : (M* x W, (0,0)) (M*,0) of a 
map-germ / : (IR'^,0) — t- (M*,0) is /C-versal if any other deformation 
F : {W X W, (0, 0)) (M*, 0) of / is of the form 

F{y,z) = A{y,z) ■ F{g{y,z),h{z)), 

where A : x ^ G'L(R*), ^ : (M' x M«, (0,0)) ^ (M^0), h : 
{W, 0) — )■ (M^, 0) are map-germs such that A(0, 0) is nondegerate ma- 
trix and g{y, 0) = y. 

Theorem 3.11 ([!]). K-versal deformations of IC-equivalent germs 
with the same number of parameters are fiber K- equivalent. 

4. Singularities of projection and of contact 

4.1. Singularities of projection. In view of Theorem 12. 71 let M and 

M be smooth closed n-dimensional submanifolds of M"^, q < 2n, and 

Mx = Tx{M xM) , Mx = T^iM x M) , 

where Tx is the A-chord transformation. 

For local classification of singularities, we introduce the definition: 

Definition 4.1. Ex{M) and Ex{M) are A-chord equivalent if there 
exists a fiber-preserving diffeomorphism-germ of TM" that maps the 
germ of M.x to the germ of M.x i-e. if the following diagram commutes 
(vertical arrows indicate diffeomorphism-germs) : 

M X M — > TW — ¥ Ri 

4- J' J' 

M X M — > TW — > R" 

The A-chord equivalence of Ex is a special case of equivalence of 
projections studied by V. Goryunov (|9], [10]), as outhned below. 

Definition 4.2. A projection of a (smooth) submanifold 5* from a 
total space E to the base B of the bundle p : E ^ B is a triple 

L p 
S ^ E ^ B 

where l is an embedding. A projection is called a projection "onto" 
if the dimension of 5* is not less than the dimension of the base B. 
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Definition 4.3. Two projections Si ^ Ei ^ Bi for i = 1,2 are 
equivalent if the following diagram commutes 

Pi 

51 ^ El ^ Bi 

52 ^ E2 ^ B2 

where vertical arrows indicate diffeomorphisms. 

A projection of S onto B defines a family of subvarieties in the fibers 
of the bundle p : E ^ B parameterized hj B: Sb = S (1 p~^(h) for 
any b E B. A germ of projection (5, go) ^ {E, cq) — ?■ {B, Bq) can be 
considered in a natural way as a deformation of the subvariety Sbg- 

The germ of a bundle E ^ B can be identified with the germ of 
the trivial bundle M'^ x — t- MP. A germ of an embedded smooth 
submanifold S can be described by the germ of the variety of zeros of 
some mapping-germ F : [W x W,{yQ,ZQ)) — )■ M*. Then S^g can be 
identified with the germ of the variety of zeros of -Flu^^xizo}- 

If deformations F, F : {W x W, {i/q, zq)) — )• (R*,0) of map-germs 
/, / : {W,yQ) — ^ (]R*,0) (respectively) are fiber /C-equivalent then the 
following diagram commutes Z indicate diffeomorphism- germs and 
pr indicate the projection): 

pr 

F-\0) ^ W xW — > RP 

pr 

F-\0) ^ R' xRP — > RP 

If the ideal of function-germs vanishing on F~^(0) is generated by the 
components of F, then by Theorem 13.61 the inverse result is also true. 

We remind that the group A = Diff(R™, 0) x Diff(]RP, 0) acts on map- 
germs (M*", 0) — )■ {RP, 0) by composition on source and target, with 
corresponding definitions for ^-equivalent and ^-simple (refer e.g. to 
Definitions 13.11 and 13 . 71 for the group /C). Then, from the above we have 
the following results: 

Proposition 4.4 ([HI [ID])- F and F are fiber K-equivalent iff the pro- 
jections of F^^{0) and F~^{0) onto Rp are A-equivalent. 

Theorem 4.5 ([9J). // the germ of a projection (F^^(O), (0, 0)) ^ 
(R' X RP, (0,0)) -> (RP,0) IS A-simple then f = F|k»x{o} «s IC-simple. 
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Theorem 4.6 ([III US]). The map-germ F : W x W ^ zs a JC- 

versal deformation of a rank-0 map-germ f : W of finite JC- 

codimension if and only if the projection- germ of F^^{0) onto MF is 
A-stable (infinitesimally stable). 

By Theorems 14.51 and 14.61 in order to classify stable singularities of 
projections one considers deformations of three classes of singularities: 
simple singularities of hypersurfaces (Tabled]), simple singularities of 
curves in a 3-dimensional space (Table |3]), simple singularities of a 
multiple point on a plane (Table [2]). We are interested in projections 
"onto" when the projected submanifold S = F~^{0) is smooth and the 
dimension of the base B of the bundle is greater than 1. 

In order to see in a more clear way how these three tables are applied 
to the classification of singularities of affine equidistants, we now turn 
to the contact viewpoint. 

4.2. Singularities of contact. Let Ni,N2 be germs at x of smooth 
ra-dimensional submanifolds of the space M^, with 2n > q. We describe 
Ni, N2 in the following way: 

• A^i = /"^(O), where / : {W,x) (M«-",0) is a submersion- 
germ, 

• N2 = g{W^), where g : (R", 0) — t- {W^, x) is an embedding-germ. 

Let Ni,N2 be another pair of germs at x of smooth n-dimensional 
submanifolds of the space M^, described in the same way. 

Definition 4.7. The contact of iVi and A^2 at x is of the same contact- 
type as the contact of A^i and N2 at x if there exists a diffeomorphism- 
germ $ : {W,x) {W,x) such that $(A^i) = and ^{N2) = N2. 
We denote the contact-type of Ni and N2 at x by IC{Ni, N2,x). 

Definition 4.8. A contact map between submanifold-germs Ni,N2 
is the following map-germ fog: (M", 0) — t- (M''^", 0). 

Theorem 4.9 ([13j). ]C{Ni,N2,x) = /C(iVi, iVs, x) if and only if the 
contact maps fog and fog are IC-equivalent. 

Remark 4.10. If A^^i and N2 are transversal at x then it is obvious 
that the contact map fog: (M", 0) — )■ (M''"", 0) is a submersion-germ 
or a diffeomorphism-germ (when q = 2n). 

The interesting cases are when A^i and N2 are not transversal at Xq 

T^,N^+T^,N2^T^,W. 

Definition 4.11. We say that A^^i and N2 are A;-tangent at xq if 

dim(T,„iVinT,„iV2) = A: . 
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If k is maximal, that is 

k = dim(r,„7Vi) = dim(r,„7V2) , 
we say that A^i and N2 are tangent at xq. 

Renicirk 4.12. In order to bring this definition into the context of 

affine cquidistants, Ex{M), note that A^i = M+ and N2 = Tl^{M-) 
arc A;-tangent at if and only if TaM"*" and Ti,M~ are /c-parallel, 
where Aa + (1 - A)6 = G ^a(M). 

If A^i and N2 arc A;-tangent then we can describe germs of A^i and 
N2 at in the following way: 

(4.1) TVi = {{y, z,u,v)eR'' :u = (l){y, z), v = iP{y, z)}, 

(4.2) N2 = {{y, z,u,v) eW^ : z^ 7]{y, v),u = ({y, v)}, 

where y = (yi, ■ ■ ■ ,yk), z = {zi, ■ ■ ■ , Zn-k), u = {ui, ■■■ , Ug+k-2n), v = 
{vi, - ■ ■ , Vn-k) and {y, z, u, v) is a coordinate system on the affine space 

W, (f) = (01, ■ • • , <pq+k~2n), ^ = (ipU-- - , i^n-k), V = {Vl: ' " " , Vn-k): 

C = (Ci, ■ ■ ■ , Cq+k-2n) and (pi, iJj,rjj, Q e Ml ior i ^ 1, ■■■ ,q + k - 2n 
and J = 1, • • • ,n — k. 

Then, the contact map kni,N2 '■ (IR",0) — )■ (M^""^, 0) is given by: 

(4.3) KNr,N2{y:Z) = {z -r]{y,ilj{y,z)),(l){y,z) - C(l/, ^(l/, ^))) 

Prom the form of k^^^n^ easily obtain the following fact 

Proposition 4.13. If Ni and N2 are k-tangent at then the corank 
of the contact map kni,N2 is k. 

We can interpret the contact between two A;-tangent n-dimensional 
submanifolds A^i, N2 of M'^ as the contact between tangent fc-dimensional 
submanifolds P/v^ and P^^ of Ni and N2, respectively, in a smooth 
q — 2n + 2/c-dimensional submanifold S of M^. These submanifolds are 
constructed in the following way: 

Let if be a smooth q + k — n-dimensional submanifold-germ on 
which contains A^i and is transversal to N2 at 0. Then P/V2 — H (1 N2 
is a smooth /c-dimensional submanifold on 

Let G be a smooth q + k — n-dimensional submanifold-germ on 
which contains N2 and is transversal to A^i at 0. Then P^Vi — G H Ni 
is a smooth A:-dimensional submanifold on A^^i. 

P/Vi and are tangent at and they are contained in the smooth 
q — 2n + 2/c-dimensional submanifold-germ S = H (IG. 
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The contact between A^^i and N2 at can now be described as the 
contact between Pjq^ and Pat^ at 0, which defines a rank-0 map 

(4.4) «:p,^,p,^:(M^0)^(M'^-(2"-'^),0). 

Although in general Pn^ and P/Vj depend on the choices of H and 
G, the contact type of Pn^ and P/Vj does not depend on these choices. 
This means that if Ni,N2 is another pair of germs at of smooth 
n-dimensional submanifold of R'' then we have the following result. 

Proposition 4.14. /C(A^i, A/'z, 0) = /C(iVi, iVg, 0) if and only if 

/C(PjVi,P^„0) = /C(P^^,P^^,0). 

Proof. It is easy to see that in general H can be described in the fol- 
lowing way: 

(4.5) V = ip{y, z) + A{y, z, u, v){u - (f){y, z)), 
and G can be described in the following way: 

(4.6) z = r]{y, v) + B{y, z, u, v){u - ({y, v)), 

where A = (a^jOgL '^+^.a^, B = (&ii)g';:;;+fc_2„ and aij, kj are smooth 
function-germs on M^. 

Thus S = HnG is given by (US]) and TO . 

P/v^ is given by (14.51) . (14.61) . and u = (p{y,z) and Pjy^ is given by 
(USD, dMD andu = C{y,v). 

On the other hand we can also describe A^i by (14. 5 p and u = (j){y, z) 
and A^2 by (14. 6 p and u = ({y,v). Then it is easy to see that contact 
maps are the same after a suitable suspension. □ 

In view of Proposition 14.141 it is enough to classify the rank-0 map- 
germs of the form (14.41) with respect to the group /C. 

5. Stable singularities of affine equidistants 

Since our goal is to classify singularities of affine equidistants of n- 
dimensional submanifold M of R'', we substitute sub manifold-germs 
A^i and N2 of the previous section by Ni = and N2 = TZq{M~), or 
equivalently by Ni = M" and N2 = 7^o"^(M+), where M+ and M" are 
germs of M C R'' at points a+ ^ a' e M C W, Aa+ + (1 - X)a- = 0. 

First, we state the following theorem: 

Theorem 5.1. For a residual set of embeddings l : M" — )■ R'' the map 
tta o (i X i) : M X M \ A — )■ R'' is locally stable whenever the pair {2n, q) 
is a pair of nice dimensions, where A is the diagonal in M x M. 
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Proof. From the diagram of maps 

L X L Tlx 

M X M — > X W , 

we obtain the diagram of r-jet maps 

M X M — > r{M X M, X W) r{M x M, W) . 

A typical fiber of J^(M x M, W) is J^(M x M, W), the space of (degree 
< r)-polynomial map-germs M" x M" — )■ M^, vanishing at 0. 

Let {Wi, . . . , Ws} be the finite set of all /C simple orbits in J^'{M x 
M, M'^), and let {IVs+i, . . . , Wt} be a finite stratification of the comple- 
ment of the union of simple orbits WiU. . .UWg. This stratification exists 
because these are semialgebraic sets. We denote by S = {W^j}i<j<t the 
resulting stratification of J'^{MxM, W^). Because (tta)* is a submersion, 
{'^x):^Wj = W* is a submanifold of r{M xM,Wx W), Vj = 1, . . . , t, 
so that S* = {W*}i<j<t is a stratification of this space. Furthermore, 

(5.1) fit Xi) (\] S* ^ f{nx o{iXi)) (h S , 

(where transversality to S (respectively to S*) means transversality of 
f{iXi) (respectively f {j^\o{iXL)) to each stratum of the corresponding 
stratification. 

On the other hand, under the natural identification 

/(^xOImxaaa ^ 2/6 C 2r{M,W) , 

where 2J^{M, W) is the space of double r-jets, we can apply the Multi- 
jet Transversality Theorem |S] to get that, for each W* in 2J^{M,M.'^), 
the set of immersions 

7^vK, = : M ^ R'^ \2ft rh W*} 

is residual. Then, the set 

is also residual. 

Now, it follows from equation (15. ip that ^{ttx o x l)) (h Wj, Wl E 
7?., Vj = 1, . . . , t. When {2n, q) is a pair of nice dimensions, this implies 
that fijix o (i X l)) is transversal to all /C orbits in J^(M x M,W), 
which says that this mapping is locally stable (see [S1[I2])- D 

Theorem 5.2 ([12j). The nice dimensions for pairs (2n, g) are: 
(i) n < q = 2n, n < A 
(a) n < q = 2n — 1, n < 4 
(Hi) n < q = 2n — 2, n < 3 
(iv) n < q < 2n — 3, q < 6 
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Thinking locally, denote two distinct germs of embedding l : M" — )■ 
W by i+ : (M", 0) (M^ a+) and r : (M", 0) ^ (M^ a"), and by 

(5.2) vfA = tta o {i+ X 6-) : (R^", 0) ^ (M", 0) , 

the restriction of tta to x M~. Then, recalling the notation of 
dUD-O, is given by 

(5.3) tta : (y, 2, t;) ^ (7fj,(2/, y), 7f^(z, y, v),T:l{y, z, y, v), 7f^(y, z, v)) 
where y,y eM.'', z,v E R"~'^, and 

(5.4) nl{y,y) = Xy + il-X)y, 

(5.5) 7rl{z,y,v) = Xz + {1 - X)r]{y,v), 

(5.6) Tiliy, z, y, v) = A0(y, ^) + (1 - X)C{y, v), 

(5.7) ni{y,z,v) = X^{y,z) + {l-X)v. 
Let 

: (M", 0) ^ (R-^^", 0) 
denote the the contact-map between M+ and 7^^(M-). We have: 

Proposition 5.3. Local rings _ anc? — -^^^^^ — - are isomorphic. 

7r*(mg) fi;I(mg_„) 

Proof. From f l5.3p . we have that 

T^li^q) ~ {Tri{y,y),T^l{z,y,v),7rl{y,z,y,v),TTl{y,z,v)) 
so that, using (15. 41) - (15. 7p . this is isomorphic to 

^{y,z) 

{z + ^r^(-^y, -j^i;{y, z)\ 0(y, z) + (i^C(- (T^y, " (T^^(l/, ^))) 

and, using (jO]) for A^i = M+ and A^2 = TZ^{M-), we see that the 
above local ring is isomorphic to — r. □ 

On the other hand, we remind from Remark 14.121 that k is the degree 
of tangency of M+ and TIq{M~) and therefore k is the degree of par- 
allelism of Ta+M+ and T^-M-, where Aa+ + (1 - A)a- = G ^A(iW'), 
so that, denoting by 

9x : (M^0) ^ (M'=~(2n-g)^Q^ 

the reduced (rank-0) contact map 9x = i^Pn^,Pn2, for Ni = M"*" and 
N2 = TZq{M~), from Proposition 14.141 we have the following 



SINGULARITIES OF AFFINE EQUIDISTANTS 15 
Corollary 5.4. The local rinqs — ; r and ——, r are iso- 



>g-n) 9\{yClk-{2n-q)) 



morphic. 

Thus, by Theorems 14.61 and 15. ![ Proposition 15.31 and Corollary 15. 4[ 
for the local classification of stable singularities of affine equidistants, 
we need to determine every rank-0 /C-simple map-germ 

(5.8) 0A:(M^O)^(M^O), 

that admits a /C-versal deformation Fx : x M'' — )■ M', so that 

(5.9) :(F;,)-l(0) = (R2^0)^(M^0) 

is an ^-stable map. Here, 9x = i^Ppf_^,Pr^,^, for A''i = M"*" and = 
TZq{M~), and vr^ is the restriction of ttx to M"*" x M~, so that 

(5.10) l = k-{2n-q) , l<k<n , 2n > q > n , 

for any pair {2n,q) in the nice dimensions (Theorem 15.21) . 

In other words, we unfold the map-germ 6x with m parameters, 

(5.11) nx : (M™ x M^ 0) ^ (R" x R', 0) , {w, y) ^ (w, u{w, y)) , 

where m = 2n — k, so that vta is ^-stable. Thus, in each case, we 
look for the rank-0 /C-simple map-germs 6x that can be unfolded with 
m = 2n — k parameters so that its /Cg-codimension n is such that 

(5.12) n<l + m = q . 

The list of /C-simple map-germs 6x is presented in Tables 1, 2 and 
3, in section 2 above. Thus, for classifying the stable singularities of 
affine equidistants of smooth submanifolds M" C R'', all we have to do 
is read those Tables with respect to the numbers k, I and fi, subject to 
conditions fl5.10p and fl5.12p for each pair (2n, q) in the nice dimensions. 

In this way, we arrive at our main result, as follows. 

5.1. All possible stable singularities in the nice dimensions. 

Theorem 5.5. Let M" G M.'^ be a smooth closed submanifold of the 
ajfine space, such that 2n > q and {2n, q) is a pair of nice dimensions, 
as listed in Theorem \5.B. Then, the possible stable singularities of the 
\-affine equidistant Ex{M) C R'' are listed case by case, as below. 



Curves: 

In this case, we have curves in R^ and the rank-0 contact map is 
: R — ^ R, < 2. From Table 1, the stable singularities of affine 
equidistants can be of type Ai and A2. 
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Surfaces: 

(1) M2 c M^. 

2- parallelism. : ^ M, < 3. 

Ex{M) with stable singularities of types Ai, A2 and A^. 

(2) C 

(i) 1-parallelism. Ox : M. ^ R, /j, < 4. 

Ex{M) with stable singularities of types Ai, A2, A^ and A4. 

(ii) 2-parallelism. Ox-.M.'^ ^ M^ < 4. 
Ex{M) with stable singularities of types C^2- 

3-manifolds: 

(1) c 

3- parallelism. 9x -.M.^ ^R, fi< 4. 

Ex{M) with stable singularities of types Ai, A4 and D^. 

(2) C 

(i) 2-parallelism. 6'a : ^ M, < 5. 

Ex{M) with stable singularities of types ^41, ^45, D^, D^. 

(ii) 3-parallelism. : R^ ^ K^ < 5. 
Ex{M) with stable singularites of types S^. 

(3) Af-'^ C M^. 

(i) 1-parallehsm. 6'a : M ^- M, A* < 6. 

Ex{M) with stable singularities of types Ai, Ag. 

(ii) 2-parallelism. Ox'-R^ ^ M^ < 6. 

Ex{M) with stable singularities of types C^2! ^2^1 ^2i^ ^ts^ ^6- 

(iii) 3-parallelism. No stable singularities for Ex{M). 

A-manifolds: 

(1) C M.\ 

4- parallehsm. 6'a : M*^ ^- M, A* < 5. 

Ex{M) with stable singularities of types Ai, A^, D^, Df. 

(2) C K^: The map tt a : ^ is not in nice dimensions. 



(3) C M^. 



SINGULARITIES OF AFFINE EQUIDISTANTS 



17 



(i) 2-parallelism. Ox : M.'^ ^ H < 7. 

Ex{M) with stable singularities Ax, A^, D^, Df, Eq, E-j. 
ill) 3-parallelism. : ^ ^ < 7. 

Ex{M) with stable singularities of types 6*5, 5*6, 5*7, T7, T7. 
(iii) 4-parallelism. No stable singularities for Ex{M). 

(4) c 

(i) 1-parallelism. 61a : R R, At < 8. 

Ex{M) with stable singularities of types Ai, Aq. 

(ii) 2-parallclism. 9x:R^ R^ < 8. 
Ex{M) with stable singularities of types 

/^it /^i /^i /^i /^i /^i T? 

^2,21 '-'2,3; '-'2,4) '-'2,5' '-'2,6' '-'3,3' '-'3,4' '-'3,5' '-'4,4' '-'6, (-^S, -^7, -^8- 

(iii) 3-parallelism, 4-parallelism. No stable singularities for Ex{M). 
5-manifolds: 

(1) c R^. 

5-parallelism. 9x : ^ M., fi < 6. 

Ex{M) with stable singularities Ai, Aq, D^, Df, Dq, Eq. 

(2) For all other embeddings C R^, no map nx in nice dimensions. 
n-manifolds, n >6: No map ttx in nice dimensions. 
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